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ABSTRACT. Let X be a separable Banach space and u: X — > K. locally 
upper bounded. We show that there are a Banach space Z and a holomorphic 
function h: X — > Z with u(x) < \\h(x)\\ for x G X . As a consequence we find 
that the sheaf co homology group H q (X, O) vanishes if X has the bounded 
approximation property (i.e., X is a direct summand of a Banach space with 
a Schauder basis), O is the sheaf of germs of holomorphic functions on X, 
and q > 1. As another consequence we prove that if / is a C 1 -smooth in- 
closed (0, l)-form on the space X = Li[0, 1] of summable functions, then 
there is a C 1 -smooth function tionl with du = f on X . 
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1. INTRODUCTION. 

The ideas of plurisubharmonic domination and holomorphic domination 
along with some of their applications appeared in [L3] by Lempert. Follow- 
ing him we say that plurisubharmonic domination is possible on a complex 
Banach manifold M if for every locally upper bounded u: M — > K there is a 
continuous plurisubharmonic iJj: M — > K with u(x) < ijj(x) for all x G M. If 
ip can be taken in the form ip(x) = \\h(x)\\ for x G M, where h: X — > Z is 
a holomorphic function to a Banach space Z, then we say that holomorphic 
domination is possible in M. 

One tool to achieve holomorphic domination is the following Runge ap- 
proximation property of a Banach space X. 
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Hypothesis 1.1. [L3, Hypothesis 1.5] There is a constant < ji < 1 such 
that if Z is any Banach space, e > 0, and f: Bx — > Z is holomorphic on the 
open unit ball Bx of X , then there is a holomorphic function g:X^Z with 
\\f(x) - g(x)\\ < e for \\x\\ < [i. 

Lempert and Meylan proved the following theorem involving the above. 

Theorem 1.2. (a) (Lempert, [L2]) If X is a Banach space with an uncondi- 
tional basis, then Hypothesis 1.1 above holds for X . 

(b) (Meylan, [M]) If X is a Banach space with an unconditional finite 
dimensional Schauder decomposition, then Hypothesis 1.1 holds for X . 

(c) (Lempert, [L3]) If X is a Banach space with a Schauder basis (or a 
direct summand of one) and Hypothesis 1.1 holds for X , then holomorphic 
domination is possible in every pseudoconvex open subset of X . 

Our main goal in this paper is to find a route to holomorphic domination 
that bypasses Hypothesis 1.1 above. Our main results are Theorems 1.3, 1.4, 
1.5, and 6.1 below. 

Theorem 1.3. If X is a separable Banach space, then holomorphic domina- 
tion is possible (a) in X , and (b) in every convex open O C X . 

As a consequence of Theorem 1.3 we get cohomology vanishing as follows. 

Theorem 1.4. Let X be a Banach space with the bounded approximation 
property, OcX pseudoconvex open, M C O a closed split complex Banach 
submanifold of Vt, S — > M a cohesive sheaf, E — > O a holomorphic Banach 
vector bundle, and I — > Q the sheaf of germs of holomorphic sections of E 
over O that vanish on M. If plurisubharmonic domination is possible in O 
(which is guaranteed by Theorem 1.3 if O C X is convex open), then the 
following hold. 

(a) The cohesive sheaf S — > M admits a complete resolution over M. 

(b) The sheaf cohomology group H q (M, S) vanishes for all q > 1. 

(c) The sheaf I is cohesive over O, H q {Vt,I) = for q > 1, and any holo- 
morphic section f G 0(M, E) extends to a holomorphic section F e (9(0, E) 
with F(x) = f(x) for x G M. 

(d) If Q C X is convex open, then E is holomorphically trivial over O. 

As a consequence of Theorem 1.4 we get the following Theorem 1.5 on the 
<9-equation. 

Theorem 1.5. Let X be an L\-space with the bounded approximation property 
(e.g., X = Li[0, 1]), O C X pseudoconvex open, E — > O a holomorphic 
Banach vector bundle, and f G Cq ^Q, E) a C 1 -smooth d-closed (0, l)-form 
with values in E. If plurisubharmonic domination is possible in O (which 
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is guaranteed by Theorem 1.3 if O C X is convex open), then there is a 
C 1 -smooth section u G C 1 (0,i?) of E with du = f over O. 

Our strategy is to imitate the relevant parts of [L3] closely, but refrain from 
using Runge approximation for functions unbounded on balls. The reader is 
assumed to have a copy of [L3] along side this paper. In our §§ 2-4 we adopt 
without comment the notation of [L3, §§2-4]. 

2. BACKGROUND. 

In this section we recall some material useful later. The paper [L3] uses 
a particular exhaustion Q]y(a), N > 1, of any pseudoconvex open subset Q 
of any Banach space X with a bimonotone Schauder basis, and there are 
numerous other sets used there to help out with the analysis of the said 
exhaustion. In our case all the sets involved will be convex open in X or in 
the span of finitely many of its basis vectors. The infinite dimensional ones 
among the sets that we need are all of the form D x B, where D is a convex 
open set in the span of the first few basis vectors and B is a ball in the 
closed span of the rest of the basis vectors. As we shall need very little of the 
properties of the many sets discussed in [L3] we just help ourselves directly 
to the results there and skip any of their details (even their definitions) here. 

In a Banach space X, put Bx{xq, r) = {x G X: \\x — Xo\\ < r} for the open 
ball of radius r centered at xq G X, and write Bx = -Bx(0, 1) for the unit 
ball. Denote by 0(Mi, M^) the set of holomorphic functions M\ — > M<i from 
one complex Banach manifold M\ to another M 2 . 

Let X be a Banach space, A C X, and u: A — > R. We say that u can 
be dominated by entire functions with values in Banach spaces on A if there 
are a Banach space Z and an entire holomorphic function h G 0(X, Z) with 
u(x) < \\h(x)\\ for all x G A. 

If T is any set, then denote by £oo(T) the Banach space of bounded func- 
tions f:T -> C with the sup norm ||/|| = sup{||/(t)|| : t G T}. 

3. DOMINATION ON THE WHOLE SPACE. 

In this section we show that if a function u can be dominated on every 
ball of a fixed radius, then u can be dominated on the whole space as well. 

Let X be Banach space with a Schauder basis. Fix the norm and the 
Schauder basis of X so as to make a bimonotone Schauder basis of X. Fix 
N >1 and write it for the Schauder projection onto the span of the first iV+1 
basis vectors, g = 1 — it for the complementary projection, and Y = gX for 
the complementary space. 

Proposition 3.1. If X is a Banach space with a bimonotone Schauder basis, 
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< R < oo, u:X^ [1, oo) is continuous, and u can be dominated by entire 
functions with values in Banach spaces on every ball Bx(xo, R) of radius R 
and centered at any xq G X , then u can be dominated by entire functions 
with values in Banach spaces on X . 

The proof of Proposition 3.1 will occupy us for a while. 

Proposition 3.2. (Cf. [L3, Lemma 4.1]) Let A 2 CC A 3 be relatively open 
bounded convex subsets of tt(X) = C N+1 , A\ a compact convex subset of 
A2, and < ri < r2 < T3 < 00 constants. If Z is a Banach space and 
g G 0(X, Z) is an entire function, then there are a Banach space W and an 
entire function h G 0(X, W) with 

(i) ||/i(a;)||w < 1 for x G Ai[ri] and 

(ii) \\h(x)\\ w > \\g(x)\\ z for x e A 3 (r 3 )\A 2 (r 2 ). 

Proof. Consider the bounded convex sets Hi,H 2 , H 3 in ir(X) x C = C N+2 
given by H x = {(s, A) G A t x C : |A| < ri}, H t = {(s, A) G A t x C : |A| < n} 
for i = 2, 3. Since Hi is compact convex in <C N+2 there are a finite set J 
and polynomials (pj G 0(n(X) x C) for j G J such that |^(s,A)| < \ for 
(s, A) G Hi and for every (s, A) G H 3 \H 2 there is a j G J with |</?j(s, A)| > 4. 
Denote by L = By* the set of all linear functionals / G Y* with ||/|| < 1, 
and by F = £oo(L x J). Define </? G by (p(x)(l,j) = (pj(nxjgx) for 

x E X, I E L : and j G J. 

The rest of the proof of Proposition 3.2 is the same word for word as that 
of [L3, Lemma 4.1] starting with "Going back" near [L3, (4.1)]. 

Proposition 3.3. (Cf. [L3, Proposition 4.2]) Let < /i < 1, N > 1, and 

2 4 (3 < a < 2 _8 / u. If Z is a Banach space and g G 0(X, Z) is an entire func- 
tion, then there are a Banach space W and an entire function h G 0{X, W) 
such that 

(i) \\h(x) \\ w < 1 for x G Q N (P) and 

(ii) \\h(x)\\ w > \\g(x)\\ z forxe Q N+1 {a) \ fl N {a). 

Proof. In Proposition 3.3 the sets Qn{/3) : etc, refer to those constructed 
in [L3, §3] for O = X . Proposition 3.3 follows from Proposition 3.2 in the 
same way as [L3, Proposition 4.2] does from [L3, Lemma 4.1] only more 
simply. 

Proof of Proposition 3.1. On replacing u by u(Rx/2) we may assume that 
R = 2. Let O = 1, fix < ft < 1 and < a < 2 _8 jU. First, we construct 
a Banach space Zn and an entire function g^ G 0(X, Zn) for each N > 1. 
The set A = Oat (a) nnN(X) is compact and ifteA, then fijv(a) fl7r^ 1 (t) C 
B x (t,a). Hence t has an open neighborhood U C n N (X) with Ojv(a) H 
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tt" 1 ^) C B x (t,2a). Therefore 



(3.1) 



Q N (a) C \jB x (t,2a) 



for some finite T C A. Let B t = B x (t, 2a/ (j,), the radius of which is less 
than 2. By our assumption that u can be dominated by entire functions 
with values in Banach spaces on Bx(xq,2) for every xq G X, there are a 
Banach space Vt and an entire function f t G 0(X, Vt) with u(x) < \\ft(x)\\v t 
for x G B t , teT. Let Z N be the ^-sum of the finitely many Banach spaces 
V t for t G T and gx G Zat) the map whose components are the f t for 

teT. We see from (3.1) that u(x) < \\gN(x)\\z N for x G Ojv(a)- 

The rest of the proof of Proposition 3.1 is the same as that of [L3, Propo- 
sition 2.1] starting with "In the second step" on page 368 there. 



In this section we show that if a function u can be dominated on every 
ball of half the radius of a ball B and centered at any point of B, then u can 
be dominated on B itself. 

Proposition 4.1. If X is a Banach space with a bimonotone Schauder basis, 
< R < oo, u:X — > [1, oo) is continuous, and u can be dominated by entire 
functions with values in Banach spaces on every ball Bx(xq, R/2) of radius 
R/2 and centered at any xq G B = Bx(yo, R), then there is continuous func- 
tion u:X^ [l,oo) such that u(x) < u{x) for all x G X, u{x) = u(x) for 
x G B, and u can be dominated by entire functions with values in Banach 
spaces on every ball Bx(xq, R/8) of radius R/8 centered at any xq G X . 

Proof. Let x- [0> °°) — *■ [0> 1] be a cutoff function 



and define u by u(x) = x(\\ x ~ Uo \\) u ( x ) + 1 _ x(\\ x ~ Uo\\) f° r x G X. As 
u(x) — u(x) = (1 — x(\\ x — yo||))(l — u(x)) < 0, being the product of a 
nonnegative number by a nonpositive number, we get that u(x) < u(x) for 
all x G X. Hence u can be dominated by entire functions with values in 
Banach spaces on any set on which u can. 

If xq G X satisfies that \\x Q — y Q \\ > ^-R, then Bx{xq, \R) lies outside 
Bx(yo, \R) since the distance \\xq — yo|| of their centers exceeds the sum of 
their radii |i? + |-R = ^-R- Hence u = 1 on Bx(xo, |-R) 5 an d so u can be 
dominated by entire functions with values in Banach spaces on Bx(xq, g-R). 



4. DOMINATION ON A BALL. 
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If ||x - 2/o || < R, then x G B x (yo,R) and B x (x , |-R) C B x (x , 

If i? < ||x — 2/o II < ^i~Ri then choose a value < R' < R with \\x G — 
y 1| < and let z = Vo + R' wZ-llw Then W z ® ~ x \\ = R' < R so 

zq G Bx{yo-> R) an d we claim that Bx(^0i c Bx^Oi To that end 
we must show that the distance ||zo — ^o|| of the centers is less than the 
difference of the radii, i.e., ||zo~ xq\\ < \R— \R = \R- Indeed, ||zo — £o|| = 
\\y -x + R'j^E^\\ = \\x -y \\-R' < fR'-R' = |# < The proof 
of Proposition 4.1 is complete. 

Proposition 4.2. If X is a Banach space with a bimonotone Schauder basis, 
< R < oo, u:X^ [1, oo) is continuous, and u can be dominated by entire 
functions with values in Banach spaces on every ball Bx(xq, R/2) of radius 
R/2 centered at any xq G B = Bx(yo, R), then u can be dominated by entire 
functions with values in Banach spaces on the ball B. 

Proof. Proposition 4.1 gives us a u that can be dominated by entire func- 
tions with values in Banach spaces on every ball of radius R/8 in X. Propo- 
sition 3.1 gives us a Banach space Z and an entire function h E 0(X, Z) 
with u(x) < \\h(x)\\ for all x G X. As u(x) = u(x) < \\h(x)\\ for x G B, the 
proof of Proposition 4.2 is complete. 

5. PREPARATION. 

This section is preparatory to the proofs of Theorems 1.3, 1.4, and 1.5. 
Recall the following theorem of Pelczyhski's. 

Theorem 5.1. (Pelczyhski, [P]) A Banach space X has the bounded approx- 
imation property if and only if X is isomorphic to a direct summand of a 
Banach space Y with a Schauder basis, i.e., there are a Banach space Y with 
a Schauder basis and a direct decomposition Y = Y± © Yi of Banach spaces 
such that X 91Y 1 . 

In most of our proofs we can avoid dealing with Banach spaces with the 
bounded approximation property, and only work with Banach spaces with a 
Schauder basis. 

Proposition 5.2. Let X be a Banach space with the bounded approximation 
property, and Ocl pseudoconvex open. If plurisubharmonic domination is 
possible in O, then so is holomorphic domination. 

Proof. It is enough by Theorem 5.1 to prove this when X has a Schauder 
basis, in which case it follows from the argument of [L3] , only more simply. 

Proposition 5.3. If Mq is a closed complex Banach submanifold of a complex 
Banach manifold M , and holomorphic domination is possible on M , then 
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holomorphic domination is possible on M , too. 

Proof. Let u : M — > R be the locally upper bounded function to be 
dominated. Define u: M — > R by setting u{x) = u (x) for x G M and 
u(x) = otherwise. Clearly, u is locally upper bounded, M being a closed 
subset of M. If Z is Banach space and h G (9(M, Z) dominates u on M, 
then the restriction ho of /i to Mq is holomorphic and dominates uq in Mq. 
The proof of Proposition 5.3 is complete. 

Proposition 5.4. If M is a separable complex Banach manifold that is bihol- 
omorphic to a closed Banach submanifold of a Banach space X , then M 
can be embedded in a separable Banach space as a closed complex Banach 
submanifold. 

Proof. It is easy to see that the closed linear span of a separable subset 
of any Banach space is itself separable. It is a standard theorem that any 
separable Banach space is isomorphic to a closed linear subspace of the space 
Y = C[0, 1] of continuous functions, and Y has a Schauder basis. Thus M 
is biholomorphic to a closed complex Banach submanifold of Y, completing 
the proof of Proposition 5.4. 

Proposition 5.5. Let X be a Banach space, and fid open. If one of (a), 
(b), (c) below holds, then O is biholomorphic to a closed complex Banach 
submanifold M of a Banach space Y . 

(a) O is convex. 

(b) There is a direct decomposition X = X\ © X^ of Banach spaces with 
dimc(-X'i) < oo, and Q is of the form O = {(£i,£2) E D x X2: \\x2W < 
R(x±)}, where D C X\ is pseudoconvex (relatively) open, R: D — > (0, 00) is 
continuous and —logR is plurisubharmonic on D. 

(c) O is of the form O = {x G O': ||/(x)|| < 1}, where Q' C X is open, the 
closure O C Q' , and f G (9(0', Z\) is holomorphic with values in a Banach 
space Z\. 

Proof. In each case we define a Banach space Z and a holomorphic func- 
tion h G 0(Q, Z) with liminfnax^xo 11^(^)11 = 00 f° r each boundary point 
x G dfl. Then the graph McY = XxZoth defined by M = {(x, z) G 
Q x Z: z = h(x)} does the job. 

(a) (See also [Ptl, Proposition 8.2].) Assume as we may that G O. Let 
p:X — ► R be the Minkowski functional p(x) = inf{A > 0: f G 0} of the 
convex open set O, and K = G X*:Re($,x) < p{x) for all x G X}. Then 
K 7^ is a convex subset of the dual space X* of X . We endow K with the 
weak star topology, in which K is compact. 

Let Z = C([0, 2tt] x K, C) be the usual Banach space with the sup norm, 
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g(t) = 1/(1 — t) for t E Be, and define for x E a function h(x) E Z by 
h(x)(6,£) = gie^e^- 1 ). Then ||/i(x)|| = sup{|/i(:r)(0, E [0,2tt], £ G 
AT} < sup^ t ^(le^e^ 1-1 !) < sup e ^ ^(e 116 ^ -1 ) < g(e p ^~ 1 ). For every x G 
X the Hahn-Banach theorem gives E K with Re(^x) = p(cc). On choosing 
9 E [0,2tt] so that e^e^" 1 = e* 6 ^" 1 = e p ^~\ we find that \\h(x)\\ = 
^(eP(x)-i). Hence, /i G 0(Q,Z), and ||/i(x)|| = 1/(1 -e^" 1 ) -> oo as a; G O 
tends to point Xq E X with p(a^o) = 1, in particular, to any boundary point 
xq e <90. 

(b) Let oo = {(xi, X) E D x£: xi E D, \X\ < R(xi)}. As oo is pseudoconvex 
open in the complex Euclidean space X\ x C, there is a proper holomor- 
phic embedding j:u — > for N high enough. Let K be the closed unit 
ball of the dual space X| of X2 endowed with the weak star topology, and 
for (xi,X2) E O define h(xi,X2) E Z = C(K,C) (endowed with the sup 
norm) by h(xi, #2) (£2) = iO^i) £2^2) for £2 G if. Note that £2) || = 
sup| A |<|| X2 || ||j(a:i, A) || > Hj^I) II^IDII by the Hahn-Banach theorem, and the 
last tends to 00 if (x\, \\x2W) tends to a boundary point of a;, in particular, 
when (xi, X2) tends in O to a boundary point of O in A. 

(c) Let K be the closed unit ball of the dual space Z\ of Z\ endowed with 
the weak start topology, and Z = C(K,C) with the sup norm. For x E O 
define h(x) E Z by h(x)( = g((f(x)), where Q E K and g(t) = 1/(1 - t) for 
t E Be as in (a). Then = ^(||/(^)||) for 1 6 O by the Hahn-Banach 
theorem, and h E (9(0, Z) is holomorphic. If x E Q tends to a boundary 
point xq E <90, then xq E O C O', hence G O' and /(cc) — > f(xo), i.e., 
Il/(*)ll - ||/(*o)|| = 1, and \\h(x)\\ = 1/(1 - ||/(x)||) - 00. 

The proof of Proposition 5.5 is complete. 

6. THE PROOFS OF THEOREMS 1.3, 1.4, AND 1.5. 

In this section we complete the proof of Theorems 1.3 on holomorphic 
domination, 1.4 on vanishing and Banach vector bundles, and 1.5 on the 
<9-equation. 

Proof of Theorem 1.3(a). Without loss of generality we may assume by 
Theorem 5.1 that X has a bimonotone Schauder basis. Let u: X — > R be the 
locally upper bounded function to be dominated. By paracompactness of X 
there is a continuous function u±: X — > [1, 00) with u(x) < U\{x) for x E X . 
Replacing m by «i, let us assume that u > 1 is continuous on X . 

Suppose for a contradiction that u cannot be dominated by entire functions 
with values in Banach spaces on X. The hypothesis of Proposition 3.1 must 
then be false. Hence there is a ball So = Bx(xq, 1) on which u cannot be 
dominated by entire functions with values in Banach spaces. The hypothesis 
of Proposition 4.2 must then also be false. So there is a ball Si = B x (xi, 1/2) 
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with xi G i?o such that u cannot be dominated by entire functions with 
values in Banach spaces on B\. Again, the hypothesis of Proposition 4.2 
must be false and there is a ball B 2 = Bx(x2, 1/4) with x 2 G B\ such that 
u cannot be dominated by entire functions with values in Banach spaces on 
B 2 - Proceeding in this way we get a sequence of balls B n = Bx(x„, l/2 n ) 
with x n+ i G B n such that u cannot be dominated by entire functions with 
values in Banach spaces on B n for n > 0. 

As x n+ i G B n we see that \\x n+ i - x n \\ < l/2 n and Y^=oi x n+i - x n ) is 
an absolutely convergent series in the Banach space X. Thus there is a limit 
x n ^ x E X a,s n ^ oo. Let r > be so small that u is upper bounded on 
the ball Bx(x,r). Choose n > so large that B n C Bx(x,r). Hence u can 
be dominated by entire functions with values in Banach spaces on B n after 
all, being upper bounded there. This contradiction completes the proof of 
(a). 

Theorem 6.1. (a) If M is as in Proposition 5.4, then holomorphic domina- 
tion is possible in M . 

(b) In particular, if X is a separable Banach space, and fid open is as 
in Proposition 5.5, then holomorphic domination is possible in O. 

Proof. Part (a) follows from Theorem 1.3(a) via Proposition 5.3 upon 
embedding M in C[0, 1] as a closed complex Banach submanifold. Part (b) 
follows from (a) by Proposition 5.5. The proof of Theorem 6.1 is complete, 
and as Theorem 1.3(b) is a special case of (b), the proof of Theorem 1.3 is 
also complete. 

Theorem 6.2. Let X be a Banach space with the bounded approximation 
property, O C X pseudoconvex open, and S — > O a cohesive sheaf. If 
plurisubharmonic domination is possible in Vt, then 

(a) the cohesive sheaf S admits a complete resolution over Vt, and 

(b) the sheaf cohomology group H q {Vt, S) vanishes for all q > 1. 

Proof. Without loss of generality we may assume by Theorem 5.1 that X 
has a bimonotone Schauder basis. An inspection of the proof of the analogous 
Theorem 9.1 in [LP] reveals that therein it is enough to have plurisubhar- 
monic domination in O and in those subsets of Q to which Proposition 5.5 ap- 
plies, and thus in which plurisubharmonic domination holds by Theorem 6.1. 
The proof of Theorem 6.2 is complete. 

Proof of Theorem 1.4. Parts (a) and (b) follow directly from Theorem 6.2, 
(c) from [LP, § 10] and Theorem 6.2, while (d) follows from [Pt2, Theo- 
rem 1.3(f)], completing the proof of Theorem 1.4. 

Proof of Theorem 1.5. As the 9-equation du = f can be solved locally 
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on balls in f! by a theorem of Defant and Zerhusen [DZ] (based upon the 
earlier work [LI] of Lempert) a standard step in one of the usual proofs of the 
Dolbeault isomorphism together with Theorem 1.4(c) completes the proof of 
Theorem 1.5. 

Further applications of Theorems 1.4 and 1.5 can also be made, e.g., as in 
[DPV] or [LP]. 
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